1. ALGEBRA OF THE DOT AND CROSS PRODUCT

The dot product can be formed with any two n-vectors: the cross product can only be formed
with two 3-vectors so whenever we write a formula with a cross product it is assumed that the
vectors are 3-vectors.

(1) For vectors A and B and scalar ¢:

(cA) o B = Ae(cB) = c(AeB) and (cA) x
(2) For vectors A and B, Ae B=BeAand A
(3) For vectors A, B and C-

(A+B)eC=AeC+BeC; (A+B)xC=AxC+BxC and
Ae(B+C)=AeB+AeC; Ax(B+C)=Ax B+ AxC.
(4) If 6 is the angle between the two vectors A an dBWithogegﬂ, then

Ao B=|A|-|B| cos(6) and |A x B| = |A] - |
(5) For vectors, A, B and C
Ae (B x é) = X
(Ao C)B — (BeC)A.
Neither product has an
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i
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associative law.

2. CROSS PRODUCT

1. Determinants.
a b

det d

‘—a-d—b-c

a11 Qa2 Q13

Q22 A23 21 23 21 Q22
det 91 Q922 Q23| = Q11 * det — a9 det + as - det
a3z Q33 a31 3 a31 32
a31 32 a3z
= i+1
det Qrow column " —an-det|A11| —a12'd€t|A12|+"'+(—1)1 ahdet|A11\+

where A;; is the (n — 1) x (n — 1) matrix obtained by crossing out the i row and the ;" column
from the original matrix.

2.2. Cross product. If A = (a1, a9, a3) and B= (b1, ba, b3) then

L i j k
Ax B=det|la; ay as
by by b3

Given n — 1 n-vectors, a similar formula can be used to produce a new vector.

2.2.1. Additional properties of the cross product.
(1) A x B is perpendicular to A and B.
(2) A x B =0 if and only if A and B are parallel.

(3) |A x Bl is the area of the parallelogram determined by A and B in the plane spanned by A
and B.

— —

(4) |Ae (B x ()] is the volume of the parallelepiped determined by the three vectors A, B and
C.
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(5) |Ae (B x C)| =det|b, b, b.|.

Ca Cy Cs

3. PROJECTIONS

(1) Project vector A onto vector B: projg(ﬁ) = (g::g)g.

(2) Project vector A into the plane P, N. Note the point is irrelevant. Project A onto N ,
projﬁ(fi) = (A‘N)N and then take A — pl"OJN(A)

4. DISTANCES

(1) Point to point: P = P; — Py and then the distance is |P|, the square root of the sum of the
squares of the coordinates.

(2) Point to line: Py = (ao,bo,co) to the line P, = (a1, b, ¢1), V. Project P = P, — P, onto 1%
and compute the norm of V — prOJV(P)

(3) Point to plane: Py = (ag, by, co) to the plane P, = (ay,by,¢1), N. Project P = P, — P, onto
N and compute the norm.

(4) Line to plane: line Py, V and plane P, N.IfVeN = 0, the line intersects the plane and
the distance is 0. If V e N = 0, the line and the plane are parallel so compute the distance
from P to the plane.

(5) Plane to plane: plane P, ]\70 and plane P, ]\71. Compute ]\70 x Ni: if it is 0 the planes are
parallel so compute the distance from F, to the plane P, ]\71; if it is non-zero the planes
intersect and the answer is 0.

(6) Line to line: line Fy, Vo and plane Py, V;. Compute N = Vy x Vi. If N = 0 the two lines
are parallel: compute the distance from Fy to the line P, 171 If N #* 0, the first line lies in
the plane F, N and the second line lies in the parallel plane Py, N. Compute the distance
from F, to the plane P, N.

5. INTERSECTIONS

(1) Point and point: intersection is either the point or is empty. Eyeball it!

(2) Point and line: Py and line Py, V. Intersection is empty or Fy. It is F if and only if
P= P, — F, is parallel to V. Compute a cross product or eyeball it.

(3) Point and plane: P, and plane P, N. Intersection is empty or Fy. It is F, if and only if
(P,— Py) eV =0.

(4) Line and plane: line Fy, V and plane P, N. Intersection is either a point or the line
is parallel to the plane in which case the intersection is either empty or the entire line.
Compute V e N. If it is O the line and the plane are parallel. If F, lies in the plane, the
entire line is in the plane, otherwise the intersection is empty. If VeN # 0 find the unique
t such that the point Py + ¢V is in the plane Py, N. See (3).

(5) Plane and plane: plane P, Ng and P, N1 Intersection is a line, or the two planes are
parallel and the intersection is empty or both planes are the same. Compute V= Ng x Nj.
If V =0 the two planes are parallel. If Py lies in P, ]\71, the two planes are identical,
otherwise they do not intersect: see (3). If V # 0, then there is a line of intersection and
the vector for this line is V. To find a point on the line, find a point in both planes. Usmg
(3) let X = (x,y,2) and find one solution to the two equations X eN, = Pye N, and
X eN, =P eN.
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(6) Line and line: line PO, VO and line Pl, V1 Intersection is either a point, empty or both lines
are the same. Solve tVO + Py = 3V1 + P;.

6. ONE MORE PROBLEM

Prof. Banchoff pointed out after class that there was no discussion of why the distance formula
for a line to a line works. This point was addressed in example 10, §13.5, p. 837 of the book. The
issue is that by definition the distance between the two lines is the shortest distance between two
points, one on each line. Hence example 10 started by finding the points on each line closest to one
another.

This can be done as follows. The lines are P, ‘70 and Py, ‘71 The vector N = 170 X 171 is non-zero
so the two planes Fp, N and P, N are parallel and each plane Contains one of the lines.

Let Xy = (x,y,2) be a pomt in the first plane, so Xyo N = Pye N. We want to compute the
projection of the vector X, — P into the plane P, N. It is

XO—Pl—(XO:Pll. N
NeN

Hence the projection of the line F, ‘70 onto the plane P, N is
(t%+PO—P1).]\7]\7
NeN

tVo+ Py — P —

or,ifﬁ:PO—Pl

—

. - PeN .
tVy+ P— LN =tV + P,
NeN

Now the lines P, Vo and = V, are in the same plane and not parallel so they intersect in one
point, which can be found using (6) of the Intersections section. The intersection point is given by
the unique (¢, s) such that tVy + P} = sV; + Py.

The point tVo + P} is the projection of the point t‘70 + Py so the distance between the two points
tVO + Py and 3171 + P, is the distance between the two planes. Hence the distance between the two
lines is at most the distance between the two planes. On the other hand this is the smallest the
distance can be.

In other words, the formula for the distance from a plane to a plane given in (6) works without
actually having to find the two points on the line which are actually closest. If you want to solve
this harder problem, then this section shows you how.




