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Notions of Robust Computation

Recently [1, 2], there has been interest in studying notions of robust
computation — reductions that in some sense measure how much
information is encoded in an object in a way that is resilient to small
errors.

Robust Reduction
An object 𝑋 robustly computes 𝑌 if every 𝑋 ≈ 𝑋 computes some ̂𝑌 ≈ 𝑌.

Robust reductions understand ≈ to mean nearly equal.
We will focus on two notions of robust computation — coarse and
effective dense reducibility.
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Small Sets

Definition (Density)

𝜌(𝑋) ≝ lim
𝑙→∞

|𝑋�𝑙 |
𝑙

̄𝜌(𝑋) ≝ lim sup
𝑙→∞

|𝑋�𝑙 |
𝑙

̄𝜌𝑎(𝑋) ≝ sup
𝑙≥𝑎

|𝑋�𝑙 |
𝑙

𝜌(𝑋) and ̄𝜌(𝑋) are the density and upper density of 𝑋 respectively.
̄𝜌𝑎(𝑋) is the upper density of 𝑋 above 𝑎.

𝕀 is the ideal of sets with density 0

So 𝑆 ⊂ 𝜔 is small (in 𝕀) if the fraction of numbers it contains goes to
0.
We will work mostly in terms of upper density.

̄𝜌(𝑋) = 0 ⟺ 𝜌(𝑋) = 0 ⟺ 𝜌(𝑋) = 1.
So 𝕀 is also the ideal of sets with upper density 0.
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Coarse Reductions

Definition

ℎ ∈ 𝜔𝜔 is a coarse description of 𝑓 ∈ 𝜔𝜔, if
𝑓 Δ ℎ ∈ 𝕀 where 𝑓 Δ ℎ ≝ {𝑥 ∣ 𝑓(𝑥) ≠ ℎ(𝑥)}

Actually an equivalence relation — we will sometimes say coarse
equivalence.

Understanding ‘computes’ to mean the existence of a Turing reduction
yields

Definition

𝑔 ∈ 𝜔𝜔 is non-uniformly coarsely reducible to 𝑓 ∈ 𝜔𝜔, written 𝑓 ≥𝐧𝐜 𝑔, if
every coarse description of 𝑓 Turing computes a coarse description of 𝑔.

If this is witnessed by a single computable functional then 𝑔 is
uniformly coarsely reducible to 𝑓 — denoted 𝑓 ≥𝐮𝐜 𝑔.
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Effective Dense Descriptions
Effective dense descriptions (EDD) are like coarse descriptions but must
declare the locations at which we don’t know the value — we use � to
denote such a location.

Definition (Effective Dense Description)

For 𝑓, ℎ ∈ (𝜔 ∪ {�})𝜔 we write 𝑓 ≅0
� ℎ just when

(∀𝑥)(𝑓 (𝑥) = ℎ(𝑥) ∨ 𝑓(𝑥) = � ∨ ℎ(𝑥) = �)
{𝑥 ∣ 𝑓 (𝑥) = � ∨ ℎ(𝑥) = �} ∈ 𝕀

When 𝑓 ∈ 𝜔𝜔 we say ℎ is an EDD of 𝑓.

Lemma
ℎ is an EDD of 𝑓 ∈ 𝜔𝜔 iff ℎ = 𝑓�𝑆 for some 𝑆 ∈ 𝕀 where

𝑓�𝑆 ≝
{

𝑓(𝑥) if 𝑥 ∉ 𝑆
� otherwise
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Effective Dense Reducibility

Definition

𝑔 ∈ 𝜔𝜔 is non-uniformly effectively densely reducible to 𝑓 ∈ 𝜔𝜔 — written
𝑓 ≥𝐧𝐞𝐝 𝑔 — iff every effective dense description of 𝑓 computes an effective
dense description of 𝑔.

If the reduction is witnessed by a single computable functional then 𝑔
is uniformly effectively densely reducible to 𝑓 — written 𝑓 ≥𝐮𝐞𝐝 𝑔.

Uniformity is about the reduction while effective is about the
description.

An EDD is effective in comparison to a dense description which can
simply fail to be defined on a density 0 set.
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Summary

Coarse and effective dense reductions both say that 𝑓 ≥ 𝑔 when we
can take a version of 𝑓 that is correct except on a small set and get a
version of 𝑔 that is correct except on a small set.

Coarse reducibility allows us to just get it wrong on that small set.
Effective Dense reducibility allows us to declare we don’t know on that
small set — but we can never be wrong.

An important theme of this talk is that small seeming change results
in some very different behavior — though not always in the way you
might think.
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Sets vs Functions

The question that motivated this work (from [1] but also a talk at
Midwest Computability) is the following:

Question
Does every degree of the above types (uniform/non-uniform coarse,
uniform/non-uniform effective dense) contain a set?

Here we identify sets with their characteristic functions, i.e., sets are
elements of 2𝜔 ⊂ 𝜔𝜔.

Most research on these reductions up to this point has focused on
sets.
If every degree contains a set, we lose nothing by restricting out
attention to sets.
Our focus here will more be on using the answer to this question to
distinguish coarse and effective dense reductions.
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Results: Sets vs. Functions

Theorem (ED degrees without sets)

If 𝑓 ∈ 𝜔𝜔 is 3-generic then there is no set 𝑋 such that 𝑓 ≡𝐧𝐞𝐝 𝑋.

Obviously, if 𝑓 is (Cohen) 3-generic then 𝑓 ≇𝐮𝐞𝐝 𝑋 for any 𝑋
In contrast

Theorem (Coarse degrees contain sets)
Every uniform (and hence non-uniform) coarse degree contains a set.

We show this holds in the most uniform way possible by producing a
pair of computable functionals Γ, Γ† that witness the claim (i.e.
respect coarse equivalence).

Peter M. Gerdes Robust Computability On 𝜔𝜔 and 2𝜔 ASL 2026 11 / 48



Results: Sets vs. Functions

Theorem (ED degrees without sets)

If 𝑓 ∈ 𝜔𝜔 is 3-generic then there is no set 𝑋 such that 𝑓 ≡𝐧𝐞𝐝 𝑋.

Obviously, if 𝑓 is (Cohen) 3-generic then 𝑓 ≇𝐮𝐞𝐝 𝑋 for any 𝑋
In contrast

Theorem (Coarse degrees contain sets)
Every uniform (and hence non-uniform) coarse degree contains a set.

We show this holds in the most uniform way possible by producing a
pair of computable functionals Γ, Γ† that witness the claim (i.e.
respect coarse equivalence).

Peter M. Gerdes Robust Computability On 𝜔𝜔 and 2𝜔 ASL 2026 11 / 48



Results: Complexity

This research also lead to a more dramatic distinction between effective
dense and coarse reductions.

Theorem (Coarse reducibility is arithmetic)
𝑓 ≥𝐧𝐜 𝑔 (and 𝑓 ≥𝐮𝐜 𝑔) are arithmetic properties of 𝑓 ⊕ 𝑔.

Theorem (ED Reducibility is Π1
1 complete )

𝑓 ≥𝐧𝐞𝐝 𝑔 is a Π1
1 complete property of 𝑓, 𝑔.

Might have thought it would be the opposite — coarse reductions
should be complex because wrong answers can hide.
Pretty much everything not immediately implied by this slide is open.
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Initial Difficulty

First try: assume 𝑓 forces 𝑓 ≡𝐧𝐞𝐝 𝑋 for some 𝑋 ∈ 2𝜔 and derive a
contradiction.

Forcing requires some kind of definability. Can we assume such an 𝑋 is
definable from 𝑓?

Question
If 𝑓 ≡𝐧𝐞𝐝 𝑋 ∈ 2𝜔 must there be 𝑌 ∈ 2𝜔 with 𝑌 hyperarithmetic in 𝑓 and
𝑓 ≡𝐧𝐞𝐝 𝑌?

𝑓 can compute some 𝑋�𝑆. Can’t we just fill in some random junk on
𝑆?

That junk might cause reductions in other direction to guess wrong
(infinitely often).

Can we search for a way to fill in values on 𝑆 that preserves
reductions?

Naive approach starts looking Σ1
1 complete.
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Strategy

Generate contradiction from assumption that 𝑋𝑒 ≝ Φ𝑒(𝑓) ∈ {0, 1,�}𝜔 is
an EDD of some 𝑋 ≡𝐧𝐞𝐝 𝑓.

Goal
Produce 𝑆, 𝑈 ∈ 𝕀 s.t. for all 𝑒, 𝑖, 𝑗 the following are incompatible

1 𝑋𝑒 ∈ {0, 1,�}𝜔 and ̄𝜌({𝑧 ∣ 𝑋𝑒(𝑧) = �}) = 0
2 Φ𝑖(𝑓�𝑆) ≅0

� 𝑋𝑒.
3 Φ𝑗(𝑋�𝑈

𝑒 ) ≅0
� 𝑓

If we had 𝑓 ≡𝐧𝐞𝐝 𝑋 for some 𝑋 then:
1 𝑓 is an EDD of 𝑓 so for some 𝑒, 𝑋𝑒 must be (forced to satisfy) (1).
2 𝑓�𝑆 is also an EDD of 𝑓 and all EDDs of 𝑋 must be compatible.
3 𝕀 is an ideal so 𝑋�𝑈

𝑒 is an EDD of 𝑋 and must compute an EDD of 𝑓.
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Intuition

Building 𝑆, 𝑈 trying to ensure either 𝑋𝑒 or Φ𝑖(𝑓�𝑆) couldn’t be an EDD
of some 𝑋 or Φ𝑗(𝑋�𝑈

𝑒 ) isn’t an EDD of 𝑓.
Threaten to place 𝑥 into 𝑆. Let 𝑉𝑥 be the set Φ𝑖(𝑓�𝑆) would return
� on in response.

Must have 𝑉𝑥 ∈ 𝕀 or we add 𝑥 to 𝑆 and win.
Note: If there is any possible change to 𝑓(𝑥) that causes 𝑋𝑒(𝑧) to
change then 𝑧 must be in 𝑉𝑥 or we make Φ𝑖(𝑓�𝑆) guess wrong
(disagree with 𝑋𝑒).

Find 𝑦, 𝑧 such that 𝑓(𝑥) = 𝑦 or 𝑓(𝑥) = 𝑧 yield same 𝑋𝑒�𝑙 for some
really large 𝑙.

Use pigeonhole as 𝑋𝑒�𝑙 ∈ {0, 1,�}𝑙 so finitely many choices.
Add 𝑉𝑥�≥𝑙 to 𝑈 picking 𝑙 large enough to keep 𝑈 ∈ 𝕀

If we ever have Φ𝑗(𝑋�𝑈
𝑒 ; 𝑥) ≠ � set 𝑓(𝑥) to whichever of 𝑦 or 𝑧

disagrees since 𝑉𝑥�≥𝑙 hides any differences.
If we always have Φ𝑗(𝑋�𝑈

𝑒 ; 𝑥) = � repeat this process for a set of 𝑥
with positive upper density.
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Density Lemma

Lemma
If 𝑉𝑥 ∈ 𝕀 for all 𝑥 then there is a function 𝑙(𝑥) such that

⋃
𝑥∈𝜔

𝑉𝑥�[𝑙(𝑥),∞) ∈ 𝕀

Shows we can pick 𝑙 large enough to keep 𝑈 ∈ 𝕀

Proof.
Pick 𝑙(𝑥) large enough that ̄𝜌0(𝑉𝑥�[𝑙(𝑥),∞) ) ≤ 2−𝑥−1.

Contribution from ⋃
𝑥>𝑖

𝑉𝑥�[𝑙(𝑥),∞) is at most 2−𝑖−1.

Eventually contribution from 𝑉𝑥 with 𝑥 ≤ 𝑖 is below 2−𝑖−1.
So we can push upper density as low as we want.

�
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More Genericity

How do we deal with potentially partial computations Φ𝑖(𝑓�𝑆)?
What if Φ𝑖(𝑓�𝑆) is only partial when we threaten to change 𝑆?

Make 𝑆 a generic element of 𝕀

Definition
A set is generic for 𝕀 if it is generic with respect to conditions of the form
(𝜎, 𝑘) with 𝜎 ∈ 2<𝜔 and 𝑘 ∈ 𝜔 where

𝑆 ≤𝕀 (𝜎, 𝑘) ⟺ 𝜎 ≺ 𝑆 ∧ ̄𝜌|𝜎|(𝑆) ≤ 2−𝑘

(𝜎′, 𝑘′) ≤𝕀 (𝜎, 𝑘) ⟺ 𝜎 ≺ 𝜎′ ∧ 𝑘′ ≥ 𝑘 ∧ ̄𝜌|𝜎|(𝜎′) ≤ 2−𝑘

In other words, Cohen conditions plus a bound on how large
subsequent density can get.
Filters without a maximum value for 𝑘 — such as all slightly generic
filters — correspond to sets in 𝕀
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Benefits of Forcing for 𝑆

Work above condition 𝑝 = (𝜎, 𝑘) forcing Φ𝑖(𝑓�𝑆) to be total,
̄𝜌({𝑧 ∣ Φ𝑖(𝑓�𝑆; 𝑧) = �}) = 0 and compatible with 𝑋𝑒.

Above 𝑝 we can repeatedly threaten to add a clump of locations with
upper density 2−𝑘−1 to 𝑆 with 𝑉𝑥 ∈ 𝕀 for all 𝑥 in clump.

Conditions above 𝑝 can’t contradict what 𝑝 forces.
Clumps don’t actually enter 𝑆 — would violate 𝑆 ∈ 𝕀 — they become
locations with Φ𝑗(𝑋�𝑈

𝑒 ; 𝑥) = �.
Recall, this requires placing the 𝑓 ⊕ 𝑆 computable tails 𝑉𝑥�>𝑙 into 𝑈
while ensuring 𝑈 ∈ 𝕀.

𝑈 gets built like 𝑆 except we can also commit to adding finitely many
𝑓 ⊕ 𝑆 computable sets in 𝕀 into 𝑈.
Fair bit of technical annoyance, e.g, using product forcing to consider
extending conditions for 𝑓, 𝑆 and 𝑈 simultaneously.
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Outline

1 Coarse and Effective Dense Reductions

2 Effective Dense Degrees Without Sets

3 Coarse Degrees Contain Sets

4 Complexity of Equivalence

5 Future Directions
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Yes, Uniformly Yes

Does every coarse degree contain a set?

Theorem
Every uniform (and therefore non-uniform) coarse degree contains a set.

Forcing considerations suggest that the theorem can only be true uniformly.

Proposition
There are computable functionals Γ ∶ 𝜔𝜔 ↦ 2𝜔 and Γ† such that for all
𝑓 ∈ 𝜔𝜔

Γ(𝑓) is total and Γ† ∘ Γ(𝑓) = id
Γ is a uniform course reduction of Γ(𝑓) to 𝑓 .
Γ† is a uniform coarse reduction of 𝑓 to Γ(𝑓)
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Naive Attempt

Try partitioning 𝜔 into countably many ‘columns’ and encode 𝑓(𝑥) into
𝜔[𝑥] independently of other columns.

Fails for same reason some effective dense degrees don’t contain sets.
Morally, lim

𝑥→∞
̄𝜌(𝜔[=𝑥]) = 0

Think of this as the part of column which actually gets used.
Same pigeonhole argument as above lets us pick values 𝑦, 𝑧 for 𝑓(𝑥)
which agree on a long initial segment of 𝜔[𝑥].
By delaying disagreement we can build 𝑓, ̂𝑓 disagree everywhere but
Γ(𝑓) Δ Γ( ̂𝑓 ) ∈ 𝕀

Lesson is that Γ can’t encode 𝑓(𝑥) separately from 𝑓(𝑥′).
Real challenge is to encode 𝑓 in a way that codes changes in 𝑓(𝑥) and
𝑓(𝑥′) about as close together as 𝑥 and 𝑥′.
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Chunking Up
We can encode sufficiently long chunks of 𝑓 independently.

Encode 𝑓�𝐼𝑘
where 𝐼𝑘 = [2𝑘, 2𝑘+1) into intervals 𝐿𝑘,𝑛. Separate with

long intervals of 0s to avoid interactions.

Define Γ(𝑓) on 𝐿𝑛,𝑘 to be enough copies of some binary string
𝔢𝑛(𝑓�𝐼𝑘

) to have same effect on upper density independent of 𝑛.
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Combinatorial Core

Define computable function taking 𝛾 ∈ 𝜔(2𝑘) (representing 𝑓�𝐼𝑘
) to a

binary string 𝔢𝑛(𝛾) ∈ 2(2𝑘) for each 𝑛.
For each 𝑛, 𝔢𝑛(𝛾) represents a chance to match |𝛾 Δ ̂𝛾| with
|𝔢𝑛(𝛾) Δ 𝔢𝑛( ̂𝛾)|

If we change 𝛾 on 𝑚 locations we want there to be some 𝑛 for which we
change 𝔢𝑛(𝛾) on 𝑂(𝑚) locations and vice versa.
Specifically, we want

|𝛾 Δ ̂𝛾| ≍ sup
𝑛∈𝜔

|𝔢𝑛(𝛾) Δ 𝔢𝑛( ̂𝛾)|

Also for all 𝛾 we want (∃𝑟)(∀𝑖 > 𝑟)(𝔢𝑖(𝛾) = ∅) (i.e. 0 string)
Ensures finite changes to 𝑓 result in finite changes to Γ(𝑓)
Will allow us to build Γ† by searching for 𝛾 that gives closest match
once we see 𝔢𝑖(𝛾) = ∅ for long enough.
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binary string 𝔢𝑛(𝛾) ∈ 2(2𝑘) for each 𝑛.
For each 𝑛, 𝔢𝑛(𝛾) represents a chance to match |𝛾 Δ ̂𝛾| with
|𝔢𝑛(𝛾) Δ 𝔢𝑛( ̂𝛾)|

If we change 𝛾 on 𝑚 locations we want there to be some 𝑛 for which we
change 𝔢𝑛(𝛾) on 𝑂(𝑚) locations and vice versa.
Specifically, we want

|𝛾 Δ ̂𝛾| ≍ sup
𝑛∈𝜔

|𝔢𝑛(𝛾) Δ 𝔢𝑛( ̂𝛾)|

Also for all 𝛾 we want (∃𝑟)(∀𝑖 > 𝑟)(𝔢𝑖(𝛾) = ∅) (i.e. 0 string)
Ensures finite changes to 𝑓 result in finite changes to Γ(𝑓)
Will allow us to build Γ† by searching for 𝛾 that gives closest match
once we see 𝔢𝑖(𝛾) = ∅ for long enough.
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Desiderata

Goal
1 𝔢𝑛(𝛾)↓ ∈ 2|𝛾| and is a computable function of 𝑛 ∈ 𝜔, 𝛾 ∈ 𝜔(2𝑘).
2 (∃𝑟)(∀𝑖 > 𝑟)(𝔢𝑖(𝛾) = ∅) (i.e. 0 string)

3 |𝛾 Δ 𝜁| = 𝑑 ⟹ ⌈
𝑑
2 ⌉ ≤ sup

𝑛∈𝜔
|𝔢𝑛(𝛾) Δ 𝔢𝑛(𝜁)| ≤ 𝑑

2 will ensure that finite changes to 𝑓 result in finite changes to Γ(𝑓)
— slightly stronger than strictly necessary.
3 ensures changes remain similarly close.

Full proof requires some more properties, e.g., ability to computably
recover a guess at 𝑟 from 𝑘 and a coarse descriptions of Γ(𝑓), which
our solution will satisfy.
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Non-Solutions

Problem might seem easy so assume that 𝛾, 𝜁 ∈ 𝜔(2𝑘) and try:
𝔢𝑛(𝛾; 𝑥) = 1 ⟺ 𝛾(𝑥) > 𝑛

Let 𝛾(𝑥) = 𝑥 and ̂𝛾(𝑥) = 𝑥 + 1, disagree everywhere but
|𝔢𝑛(𝛾) Δ 𝔢𝑛( ̂𝛾)| ≤ 1

𝔢⌜𝜁⌝(𝛾; 𝑥) = 1 iff 𝛾(𝑥) > 𝜁(𝑥).
Gets disagreement size right (take 𝜁(𝑥) = min 𝛾(𝑥), ̂𝛾(𝑥)).
Fails finite effect property, since if 𝛾(0) > 0 there are infinitely many
strings 𝜁 with 𝛾(0) > 𝜁(0).

𝔢⌜𝜁⌝(𝛾; 𝑥) = 1 iff 𝛾(𝑥) > 𝜁(𝑥) and max𝑥 𝛾(𝑥) > max𝑥 𝜁(𝑥)
Now 𝔢𝑛(𝛾) = ∅ for almost all 𝑛.
But changing 𝛾 at one location can now change 𝔢𝑛(𝛾) everywhere.
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Idea
Let’s fix our last attempt:

𝔢𝑛(𝛾; 𝑥) still checks if 𝛾(𝑥) > 𝜁(𝑥) for some 𝜁 coded by 𝑛.
Still want to ensure that if max𝑥 𝜁(𝑥) ≥ max𝑥 𝛾(𝑥) we return ∅ to
ensure finite effect.
How can we prevent the value of 𝛾 at a single location from affecting
𝔢𝑛(𝛾) everywhere by changing max𝑥 𝛾(𝑥)?

Idea
Each 𝑥 < 2𝑘 is assigned some number of certificates 𝑦 < 2𝑘 (can’t be
reused).
𝔢𝑛(𝛾; 𝑥) = 1 just when 𝛾(𝑥) > 𝜁(𝑥) and 𝑥 is assigned a certificate 𝑦
with 𝛾(𝑦) > max𝑥 𝜁(𝑥) (a valid certificate).

Non-reuse keeps any location in 𝛾 from affecting too many locations
in 𝔢𝑛(𝛾) .
We can afford to use two disagreements in our domain to produce a
single disagreement.
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Solution

Assume ⌜(𝜁 , 𝑞)⌝ codes 𝜔(2𝑘) × {𝑞 ∣ 𝑞 ∶ 2𝑘 ↦ 2𝑘 ∧ 𝑞 is idempotent}
bijectively into 𝜔 — recall idempotence means 𝑞(𝑞(𝑧)) = 𝑞(𝑧).

Definition
For 𝑥 < 2𝑘, 𝔢⌜(𝜁 ,𝑞)⌝(𝛾; 𝑥) = 1 iff

𝛾(𝑥) > 𝜁(𝑥) ∧ (∃𝑧 < 2𝑘)(𝑞(𝑧) = 𝑥 ∧ 𝛾(𝑧) > max
𝑖<2𝑘

𝜁(𝑖))
and is otherwise 0.

𝑞−1(𝑥) is the set of certificates for 𝑥.
Idempotence ensures 𝛾(𝑥) affects at most one location in 𝔢𝑛(𝛾).

𝑥 must choose either to act as a certificate for itself or to certify some
other location but go without certification itself (so 𝔢𝑛(𝛾; 𝑥) = 0).

If 𝑞(𝑥) = 𝑦 then 𝑞(𝑧) = 𝑥 would mean 𝑞(𝑞(𝑧)) = 𝑦 ≠ 𝑥 = 𝑞(𝑦)
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Verification

Suppose ⌜(𝜁 , 𝑞)⌝ = 𝑛 and 𝛾, ̂𝛾 ∈ 𝜔(2𝑘).
𝔢𝑛(𝛾) = ∅ for almost all 𝑛 .

Once max𝑥 𝜁(𝑥) > max𝑥 𝛾(𝑥) we guaranteed 𝔢𝑛(𝛾) = ∅
Turns out that any coarse description of Γ(𝑓) will have a point after
which most copies of 𝔢𝑛(𝛾) = ∅ and that eventually triggers Γ† to make
a good guess at 𝛾.

|𝔢𝑛(𝛾) Δ 𝔢𝑛( ̂𝛾)| ≤ |𝛾 Δ ̂𝛾|
Enough to show that image of 𝛾 Δ ̂𝛾 under 𝑞 contains 𝔢𝑛(𝛾) Δ 𝔢𝑛( ̂𝛾).
Suppose 𝔢𝑛(𝛾; 𝑥) ≠ 𝔢𝑛( ̂𝛾; 𝑥) — WLOG 𝔢𝑛(𝛾; 𝑥) = 1 and 𝔢𝑛( ̂𝛾; 𝑥) = 0.

If both 𝛾, ̂𝛾 have valid certificates for 𝑥 then 𝑞(𝑥) = 𝑥 and
𝛾(𝑥) > 𝜁(𝑥) ≥ ̂𝛾(𝑥).
If only 𝛾 has a valid certificate 𝑧 for 𝑥 then 𝑞(𝑧) = 𝑥 and
𝛾(𝑧) > max𝑥 𝜁(𝑥) ≥ ̂𝛾(𝑧).
Either way 𝛾(𝑦) ≠ ̂𝛾(𝑦) for some 𝑦 with 𝑞(𝑦) = 𝑥
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Verification (cont)
Given 𝛾, ̂𝛾 ∈ 𝜔(2𝑘). We produce 𝑛 = ⌜(𝜁 , 𝑞)⌝ with

|𝔢𝑛(𝛾) Δ 𝔢𝑛( ̂𝛾)| ≥
|𝛾 Δ ̂𝛾|

2

Let 𝑆 = 𝛾 Δ ̂𝛾, min(𝑥) = min 𝛾(𝑥), ̂𝛾(𝑥) and ̄𝑧 be the median of min[𝑆].
Split 𝑆 into two halves (morally), 𝐻 = {𝑥 ∣ 𝑥 > ̄𝑧} and
𝐿 = {𝑥 ∣ 𝑥 < ̄𝑧}

For simplicity we assume ̄𝑧 ∉ min[𝑆], o/w need a third set 𝐸.
We use elements of 𝐻 as certificates for elements of 𝐿 by defining 𝑞
to send 𝐻 injectively onto 𝐿 — while preserving idempotence by
being the identity on 𝐿.
We ensure all those certificates are valid by setting 𝜁(𝑥) = min(𝑥) on
𝐿 and 𝜁(𝑥) = 0 everywhere else — so max𝑥 𝜁(𝑥) ≤ ̄𝑧.
If 𝑥 ∈ 𝐿 then 𝑥 gets a valid certificate and as exactly one of
𝛾(𝑥) > min(𝑥) or ̂𝛾(𝑥) > min(𝑥) we have 𝔢𝑛(𝛾; 𝑥) ≠ 𝔢𝑛( ̂𝛾; 𝑥)
|𝐿| = |𝑆|

2 = |𝛾Δ ̂𝛾|
2
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Outline

1 Coarse and Effective Dense Reductions

2 Effective Dense Degrees Without Sets

3 Coarse Degrees Contain Sets

4 Complexity of Equivalence

5 Future Directions
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Contrasting Complexity

Theorem
The relation 𝑓 ≥𝐧𝐞𝐝 𝑋 is Π1

1 complete

Kinda ugly explicit construction, see paper draft on arxiv.
Complexity is unknown if

We replace ≥𝐧𝐞𝐝 with ≡𝐧𝐞𝐝.
We replace ≥𝐧𝐞𝐝 with ≥𝐮𝐞𝐝.
We restrict our attention to sets.

Couldn’t be more different with coarse reductions

Theorem
Both 𝑓 ≥𝐧𝐜 𝑔 and 𝑓 ≥𝐮𝐜 𝑔 are Σ0

4(𝑓 , 𝑔).

Controlled by behavior on generic coarse descriptions of 𝑓 (for a
suitable notion of generic).
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Generic Coarse Descriptions
Intuition: A generic coarse description of 𝑓 is a generic set 𝑆 ∈ 𝕀 plus a
Cohen generic specification of how to change 𝑓 on 𝑆.

Definition
̆𝑓 ∈ 𝜔𝜔 is a generic coarse description of 𝑓 if there is some generic 𝑆 ∈ 𝕀

and some Cohen generic 𝑔 ∈ 𝜔𝜔 with ̆𝑓�𝑆 = 𝑓�𝑆 and ̆𝑓 is 𝑔(𝑘) on the 𝑘-th
element of 𝑆. Conditions are pairs of 𝑆, 𝑔 specifying the same length
result.

⊩𝑓 is forcing relation (note 𝑓 relative).
𝑓[𝑞] ∈ 𝜔<𝜔 is the result of applying the condition 𝑞 to 𝑓.

When 𝑓 is clear we will talk about ̂𝑓 being above 𝑝 to mean that ̂𝑓
could be built from 𝑓 by changes that extend 𝑝, i.e., ̂𝑓 = lim𝑖→∞ 𝑓[𝑝𝑖]
for some 𝑝𝑖.
Note: If 𝑝𝑖+1 ≤ 𝑝𝑖 and density bounds don’t stabilize then
𝑓[𝑝∞] ≝ lim𝑖→∞ 𝑓[𝑝𝑖] is a coarse description of 𝑓 whether or not 𝑝𝑖 is
generic.
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and some Cohen generic 𝑔 ∈ 𝜔𝜔 with ̆𝑓�𝑆 = 𝑓�𝑆 and ̆𝑓 is 𝑔(𝑘) on the 𝑘-th
element of 𝑆. Conditions are pairs of 𝑆, 𝑔 specifying the same length
result.

⊩𝑓 is forcing relation (note 𝑓 relative).
𝑓[𝑞] ∈ 𝜔<𝜔 is the result of applying the condition 𝑞 to 𝑓.

When 𝑓 is clear we will talk about ̂𝑓 being above 𝑝 to mean that ̂𝑓
could be built from 𝑓 by changes that extend 𝑝, i.e., ̂𝑓 = lim𝑖→∞ 𝑓[𝑝𝑖]
for some 𝑝𝑖.
Note: If 𝑝𝑖+1 ≤ 𝑝𝑖 and density bounds don’t stabilize then
𝑓[𝑝∞] ≝ lim𝑖→∞ 𝑓[𝑝𝑖] is a coarse description of 𝑓 whether or not 𝑝𝑖 is
generic.

Peter M. Gerdes Robust Computability On 𝜔𝜔 and 2𝜔 ASL 2026 33 / 48



Coarse Reductions Want To Be Forced

Proposition

𝑓 ≥𝐧𝐜 𝑔 ⟺ (∃𝑒, 𝑞0)[𝑞0 ⊩𝑓 (Φ𝑒( ̆𝑓) Δ 𝑔) ∈ 𝕀]
𝑓 ≥𝐮𝐜 𝑔 ⟺ 𝑞0 is the empty condition.

Forcing (sentences relative to 𝑓 ⊕ 𝑔) and counting quantifiers gives us
theorem.
⟹ direction is straightforward.
⟸ : Use 𝑒, 𝑞0 and finite information about 𝑓 to compute a coarse
description of 𝑔 from a coarse description ̂𝑓 of 𝑓.

How much information about 𝑓 is needed can depend on ̂𝑓 — allowing
for non-uniformity.
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Using Forcing To Compute

How does knowing 𝑞0 ⊩𝑓 (Φ𝑒( ̆𝑓) Δ 𝑔) ∈ 𝕀 help even 𝑓 compute a coarse
description of 𝑔?

𝑓 is a coarse description of itself but it’s not a generic one so we can’t
assume Φ𝑒(𝑓) is a coarse description of 𝑔.

Strategy:
Define a property — without using 𝑔 — of a chain of conditions
𝑝𝑖 ≤ 𝑞0 which ensures lim𝑖→∞ Φ𝑒(𝑓[𝑝𝑖]) must be a coarse description
of 𝑔.
Show that we can find 𝑝𝑖 = lim𝑠→∞ 𝑝𝑖,𝑠 satisfying property with 𝑝𝑖,𝑠 𝑓
computable.
Give algorithm for computing a coarse description of 𝑔 from 𝑝𝑖,𝑠.

Peter M. Gerdes Robust Computability On 𝜔𝜔 and 2𝜔 ASL 2026 35 / 48



Using Forcing To Compute

How does knowing 𝑞0 ⊩𝑓 (Φ𝑒( ̆𝑓) Δ 𝑔) ∈ 𝕀 help even 𝑓 compute a coarse
description of 𝑔?

𝑓 is a coarse description of itself but it’s not a generic one so we can’t
assume Φ𝑒(𝑓) is a coarse description of 𝑔.

Strategy:
Define a property — without using 𝑔 — of a chain of conditions
𝑝𝑖 ≤ 𝑞0 which ensures lim𝑖→∞ Φ𝑒(𝑓[𝑝𝑖]) must be a coarse description
of 𝑔.
Show that we can find 𝑝𝑖 = lim𝑠→∞ 𝑝𝑖,𝑠 satisfying property with 𝑝𝑖,𝑠 𝑓
computable.
Give algorithm for computing a coarse description of 𝑔 from 𝑝𝑖,𝑠.

Peter M. Gerdes Robust Computability On 𝜔𝜔 and 2𝜔 ASL 2026 35 / 48



Cauchy In Density

Definition
𝑝𝑖 is an 𝑓-Cauchy sequence of conditions if

1 𝑝𝑖 ≤ 𝑞0.
2 𝑝𝑖+1 ≤ 𝑝𝑖 and 𝑝𝑖+1 has smaller density bound than 𝑝𝑖.
3 Φ𝑒(𝑓[𝑝𝑖+1]) ≻ Φ𝑒(𝑓[𝑝𝑖])
4 (∀𝑞, 𝑟 ≤ 𝑝𝑖)[ ̄𝜌𝑙(Φ𝑒(𝑓 [𝑞]) Δ Φ𝑒(𝑓 [𝑟])) ≤ 2−𝑖] where 𝑙 = |Φ𝑒(𝑝𝑖)|

2 As density bounds don’t stabilize, 𝑓[𝑝∞] is a coarse description of 𝑓.
3 Ensures Φ𝑒(𝑓[𝑝∞]) is total.
4 Ensures Φ𝑒(𝑓[𝑝𝑖]) converges in density to some function.
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Acting Generic

We note that even if the 𝑓-Cauchy sequence 𝑝𝑖 isn’t generic Φ𝑒(𝑓[𝑝∞]) is
still a coarse description of 𝑔.

Totality is clear so we just need to prove ̄𝜌(Φ𝑒(𝑓[𝑝∞]) Δ 𝑔) = 0.
To see that Φ𝑒(𝑓[𝑝∞]) and 𝑔 don’t differ on a set of upper density
more than 2−𝑤 consider a generic coarse description ̆𝑓 of 𝑓 extending
𝑝𝑤+1 ≤ 𝑞0.

Φ𝑒(𝑓[𝑝∞]) and Φ𝑒( ̆𝑓) can only differ on a set of upper density less
than 2−𝑤−1.
𝑞0 forces Φ𝑒( ̆𝑓) Δ 𝑔 to have upper density 0.
Desired conclusion follows by noting the triangle inequality applies

Since 𝑤 is arbitrary we can conclude Φ𝑒(𝑓[𝑝∞]) is a coarse
description of 𝑔.
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Extending 𝑓-Cauchy sequences

We now show any partial 𝑓-Cauchy sequence can be extended — gives
existence and definability.

As 𝑞0 forces totality we can always find an extension which grows
Φ𝑒(𝑓[𝑝𝑖]). Other requirements trivial except for final density
requirement.
If 𝑝𝑛 ends sequence then every 𝑝𝑛+1 ≤ 𝑝𝑛 is extended by conditions 𝑞, 𝑟
pushing ̄𝜌𝑙(Φ𝑒(𝑓 [𝑞]) Δ Φ𝑒(𝑓 [𝑟])) above 2−𝑛−1.

𝑙 = |Φ𝑒(𝑓[𝑝𝑛+1])| and thus under our control.
But then we could build generic coarse descriptions of 𝑓, ̆𝑓0, ̆𝑓1 above
𝑝𝑛 with ̄𝜌(Φ𝑒( ̆𝑓0) Δ Φ𝑒( ̆𝑓1)) > 0.

Can’t keep all extensions of a pair of conditions (𝑢0, 𝑢1) close to each
other if each 𝑢𝑖 has extensions far from each other.

Contradicts fact that ̄𝜌(Φ𝑒( ̆𝑓𝑖) Δ 𝑔) = 0 for 𝑖 = 0, 1.
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Approximation

Recall/Observe
The property 𝑝𝑖, 𝑖 ≤ 𝑛 is 𝑓-Cauchy is uniformly Π0

1(𝑓 , 𝑒, 𝑞0).
If 𝑝𝑖, 𝑖 ≤ 𝑛 is 𝑓-Cauchy it can be extended to a longer 𝑓-Cauchy
sequence.
If 𝑝𝑖, 𝑖 ∈ 𝜔 is 𝑓-Cauchy then Φ𝑒(𝑓[𝑝∞]) is a coarse description of 𝑔.

Therefore, by the limit lemma, we have an 𝑓-computable sequence 𝑝𝑖,𝑠
such that

lim
𝑠→∞

𝑝𝑖,𝑠 = 𝑝𝑖 where 𝑝𝑖 is 𝑓-Cauchy.
𝑝𝑖+1,𝑠 ≤ 𝑝𝑖,𝑠 ≤ 𝑞0

|Φ𝑒(𝑓[𝑝𝑘,𝑘])| ≥ 2𝑘+1

Φ𝑒(𝑓[𝑝∞]) is a coarse description of 𝑔
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The Algorithm

Let ℎ be given by Φ𝑒(𝑓[𝑝𝑘,𝑘]) on the interval 𝐼𝑘 = [2𝑘, 2𝑘+1).
𝑝𝑖,𝑠 may converge too slowly for ℎ to be Φ𝑒(𝑓[𝑝∞]) but this is close
enough.
For almost all 𝑠, 𝑝𝑠,𝑠 ≤ 𝑝𝑖

Hence for almost all 𝑘, the upper density of ℎ Δ Φ𝑒(𝑓[𝑝∞]) on 𝐼𝑘
must be less than 2−𝑘.
Since Φ𝑒(𝑓[𝑝∞]) is a coarse description of 𝑔 same triangle inequality
argument implies ℎ is a coarse description of 𝑔 as well.

As ℎ is clearly computable from 𝑓, 𝑓 computes a coarse description of 𝑔.
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Other Coarse Descriptions

How does ̂𝑓, a coarse description of 𝑓 compute a coarse description of 𝑔?
Observe that any ̂𝑓 condition ̂𝑝 can be translated into an 𝑓 condition
𝑝 with ̂𝑓 [ ̂𝑝] = 𝑓[𝑝].
Since ̂𝑓 is a coarse description of 𝑓 we can find some ̂𝑝0 such that all
extensions of ̂𝑝0 translate to extensions of 𝑞0.
Straightforward — but annoying — bookkeeping reveals that every ̂𝑓
Cauchy sequence extending ̂𝑝0 translates to an 𝑓-Cauchy sequence
extending 𝑞0.
Since 𝑓[𝑝∞] = ̂𝑓 [ ̂𝑝∞] same algorithm allows ̂𝑓 to compute coarse
description of 𝑔
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Uniformity and Non-Uniformity

Given 𝑞0, 𝑒 and ̂𝑝0 we can uniformly compute a coarse description of 𝑔
from a coarse description ̂𝑓 of 𝑓.
But ̂𝑝0 needs to encode (most of) the difference between ̂𝑓 and 𝑓
until they commit to staying very close.
Very close is (roughly) within the density bound required by 𝑞0.
If 𝑞0 is the empty condition then ̂𝑝0 can be taken to be empty as well
and the reduction is uniform.
Otherwise, the reduction may non-uniformly depend on knowing a
sufficiently long initial segment of 𝑓.
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Outline

1 Coarse and Effective Dense Reductions

2 Effective Dense Degrees Without Sets

3 Coarse Degrees Contain Sets

4 Complexity of Equivalence

5 Future Directions
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Notions of Approximate Computation

I’d like to emphasize that robust computation is just a small sliver of
the larger space of notions of the form: when does every description
of 𝑋 compute a description of 𝑌.

Question
Is the reduction defined by 𝑓 ≥Π0

1
𝑔 iff every tree 𝑇 ⊂ 𝜔<𝜔 with 𝑓 ∈ [𝑇 ]

and [𝑇 ] countable (uniformly?) computes ̂𝑇 with [ ̂𝑇 ] countable and
𝑔 ∈ [ ̂𝑇 ] interesting?

𝑓 ≤Π0
1

𝑔 clearly implies that 𝑔 is hyperarithmetic in 𝑓
Genericity and results by Harrington show that this notion differs both
from hyperarithmetic reducibility and being a relative Π0

1 singleton.
I suspect there are some interesting notions hiding in this area.
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Robust Computation Questions

Question (From [1])
Does every degree for (uniform or non-uniform) generic reducibility or
dense reducibility contain a set?

These notions understand computes in terms of enumeration
reductions rather than Turing reductions.

Question

Do the effective dense or coarse degrees (uniform or non-uniform) always
contain an element of least Turing degree?

One of many questions you could ask relating these different degree
structures.
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More Questions

Question
What is the complexity of 𝑓 ≡𝐧𝐞𝐝 𝑔, 𝑓 ≡𝐮𝐞𝐝 𝑔 and 𝑓 ≥𝐮𝐞𝐝 𝑔? What about
on 2𝜔? Is 𝑌 ≥𝐧𝐞𝐝 𝑋 still Π1

1 complete for 𝑋, 𝑌 ∈ 2𝜔?

I suspect the approach I used to show 𝑓 ≥𝐧𝐞𝐝 𝑋 is Π1
1 complete could

be extended to 2𝜔 but I have no idea about the others — other than
a vague intuition that ≡𝐧𝐞𝐝 is probably simpler than ≥𝐧𝐞𝐝.

Question

Can we characterize the class of functions whose (non-uniform) effective
dense degree contains a set? Can any function 𝑓 not dominated by a
computable function be equivalent to a set?
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Even More Questions

Question

If the non-uniform effective dense degree of 𝑓 contains a set must it
contain a set hyperarithmetic in 𝑓? What about arithmetic in 𝑓 or even
Δ0

2(𝑓)?

One way to attack this question would be to show that if every EDD
of 𝑓 computes something that looks like an EDD of some ℎ we can
always fill in the missing pieces.

Question

Suppose that 𝑔 is a function that returns � on a set of density 0, every
EDD of 𝑓 ∈ 𝜔𝜔 computes ̂𝑔 ≅0

� 𝑔 and if 𝑆 ∈ 𝕀 then 𝑔�𝑆 computes an
EDD of 𝑓. Must there be some ℎ ∈ 𝜔𝜔 with ℎ ≅0

� 𝑔 and 𝑓 ≡𝐧𝐞𝐝 ℎ?
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